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173. 


ON LAPLACES METHOD FOR THE ATTRACTION OF ELLIPSOIDS. 


[From the Quarterly Mathematical Journal, vol. 1. (1857), pp. 285—8300.] 


[THE method referred to is that given in Book III. of the Mécanique Céleste, 
Ed. 1. 1798.] Let the equation of the surface of the ellipsoid be 


la? + my + nz — Е = 0, 


and take а, b, c as the coordinates of the attracted point, which is supposed to be 
exterior to the surface. Imagine an indefinitely thin cone, having the attracted point 
for vertex, and intersecting the surface of the ellipsoid; let £, 7, £ be the direction- 
cosines of the cone, and dS its spherical angle. Then if for a moment r denote the 
radius vector corresponding to а point within the ellipsoid, the element of the mass 
within the cone is z'drdS; and we may thence, by an integration with respect to r, 
find the attractions parallel to the axes (and tending towards the centre) and the 
potential of the mass within the cone, viz. if 7/, т” be the values of r at the surface 
of the ellipsoid, the attractions are (r”— r) #08, (r”—r) ndS, (r’—r') 8, and the 
potential із 4 (77 — 7?) dS. And putting for shortness 


1, =1# + тар + n€, 
I = lag + mbn +neý, 
Р = læ + ті? +ne-—-l, 


R=f —PL, 
then 7’, т” will be the roots of the equation Lr*—2Ir--P = 0, and we have consequently 
(uit , е8. We have, therefore, for the attractions parallel to the axes 
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(and tending towards the centre) and for the potential of the entire ellipsoid the 
well-known expressions 


к EVR 
A=2/ ase, 
_ 9 [487% 
В =2| 4877, 
" EJ R 
с=з | а6 4, 

апа 
_ o [IV Rds 
v=2 |, 


where the integrations extend over the spherical angle of the circumscribed cone R= 0. 


We have moreover, by the general theory of attractions, 


FIM E HEN qu Xs Ld 
da 


Since at the limits of the integration the quantity under the integral sign vanishes, 
it is easy to see that the first differentials of V, А, B, C with respect to any of the 
quantities a, b, c, l, m, n, k, may be found by simply differentiating under the integral 


sign without its being necessary to pay attention to the variation of the limits, so 
that, for instance, aer | ds E AE, It is proper to remark that the expressions 


thus obtained for the attractions А, B, C, are of a different form from the foregoing 
expressions for the same quantities. Laplace writes 


Е=аА +В + сб, 
and he remarks that it may be shown by differentiation that the quantities, B, C, F, V, 
are connected by an equation which (writing k for A and T 7 for m, n, the 


equation of the ellipsoid being with Laplace a*--mj?-4-nz!— A?) becomes, in the notation 
of the present memoir, 


ес) 0 (О 9) e r-r 


006 -n 
«6-2 «(2-9 
- (m=) 7 (а) =0. 
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I write this equation in the form 


Күл E +V-F 
D ala ae) +1 (ua Ма 4) ar) 
x bape pf- Т: dF £2 (he TUR в)- a 
xen [- apu) +S (z -ias-9)- 2 


“09 | 
and I remark that this equation may be broken up into two equations, each of which 
separately is satisfied; these equations are 


dV dk a кР dF 


Il 
= 


; "m 
ап 
dV d dF dF dF 


Gb ee (р) dr ds ds 


a/dF „ау b/d aV 
* 1s 33s 74) +m (abe a) ae) 

It may be added that the functions under the integral signs, and consequently 
the integrals, are all of them homogeneous of the degree zero in 1, m, m, k. The 


thing to be verified is that the foregoing two equations are satisfied by the functions 
under the integral signs, independently of the integrations, in fact by the values 


“EVR QUa/R УЕ 
(4-577, B= Eos m 
IVR 
ey 
p (aE n * ct) VR 


V= 


We find by differentiating these values, and after a few obvious reductions, 
Je I 
ds 7 EC + ye) + ^^ (typ): 


а= (Утв) + (ув) * (- “ah arm): 
dV — R АЗ 
dk 25 NR? 
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у аво (ту) ta (— 7g) | P 
E = («++ ct) lat (тт )* e (s ув) *P(- 357 ange} 
A = (af + bn +06) IR } 


values which give, as they should do, 


dF dF | „аР dF 


E Ads i "i T xis 


Hence forming the values of the different parts of the first equation, 


- (Gea) ^Y F- Ug asd 
-R Pept iat tino {Ey Ah, 
«(92 а) +0 (4-8) + «(S -о)- (af + bn +06) | PEE 
-+(а@ +05 +) = TOBP LIE: 


which satisfy the first equation. 


And in like manner for the second equation, 


dV dF 


- (a? +024 +o) (в - в) == (+ +o) op opt (C4 HC) (Ein +08) у-ур, 


i (aa ~4)+ ma (ap — 2) * (as - 6) 


= (a£ + bn + ob) EUR — (a? + b? + с) (a£ + bn + c£) —, 


he 
T bay, с ат p 
-i(7 ds m dts a) (848+) R- (af +bn +08) (Y; + Sp 
dF ағ ар 
-S du - — (a£ + bn + c£? sr Rte ++ К GEC рр 


+ ( E c$) (52. 212 zn Jn) ic 
which satisfy the second equation 
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Now considering V, F, A, B, C as standing for the definite integrals, we may 
replace А, B, C by the differential coefficients of V, and retaining for shortness F to 
stand for 


av... Qd Kona 
Fu ue Urt 


the first equation becomes 


dF dF dF 


di dm" dn 


ta (P et (era) ne (27327) 


-r ($ -%)+У-Е-! 


and the second equation becomes 


dV d dF dF dF 
ио) Cn T qe) dI da da 


a(dF аР b (dF аР ,c/dF ЖУ ДА 
+9 (ga +%да) mast} ae) s o3 de) =o 
IVR ; А ) 4 
If we put as before V= I^ the preceding values of the differential coefficients 
2IJR kI kI 


of V give Ё= or as we may write it F=—2V+4+W, where W= 


Eo WA: pmi 


I put then for the moment 


d 7» 
p Kerg 


F=-2V+ VW. 


It should be remarked that there is nothing in what has preceded which tends 
to show that these values must satisfy the differential equations. The definite integrals 
must, of course, satisfy as before the equations, but it does not follow that the equations 
are satisfied by the elements separately. And in fact only the first equation is so 
satisfied; the second equation is not satisfied. To verify this I form the differential 
coefficients 


dw k ЕР kI 
= (z УЕ” ТЕУ 7k) T (® 7n) , 
Li dq y Dae. : 
dk LVR 2RVR’ 
dw k ЕР —9kI kI ‚ г 
"Iur (IJR * LEJR) ui (JR i zDRJR) TU ур [у 
бтп. 8 
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We have as before 
dF dF dF ,dF 
ERE uu de o 
and forming the expressions for the different parts of the first equation, 
dV dF dF dF dF 
UE - Р Gp m ty 
y dV dw | 9IJR ЗЕ Pl 
= 5k ay + 2k P dui ide, W "D  3LJR RVR’ 
dF dV 
(2 +4 3s) + &с. = 
dV .«4F.:. dE. aW „dW аў 
-toutotan 
and 
A dE AF _ SI/R 3kI 
-4(a dat’ ab ttu.) Cp "3L 
а +b +о%) = WI 
( da db de Ad RVR’ 
which show that the first equation is satisfied. 
Proceeding in the same manner with the second equation, 
dV d 
— (а + b? + c?) (ж - dk 
iau Г... дш... КЛ , I kI 
—(a +b +o (3 9 - ар) ау, 
a (d.F dV 
1 +a) e. 
a dV b dV cdV аай аР саму 
-4({ da "m db *n 2) (7 da tim ab п de) 
and 
adV b dV cdV » 91 Зу, БУЕ 
-4(7 a mab'n Fg) = e Parm + (ak + bn e ( — ar "Spy. 
аат bdW сат k "3E 
i Ga tm db tage 0+2 tO RIR + (a + bn + 0f)( IJR LRJR 
dF dF ағ „гау ау ар dW dW dW 
-U dm dn? (att dm * an) ~ Cart dm dn) 
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and 
(T+ Tat à)" CERET (7р m) + (aE + bn + 0b) ("VE + *pym)- P -DJh 
RH) soia) 

ЗІ kr 


2D/R ГЕЧЕ’ 
and the value of the left-hand side of the second equation is therefore, 


м IVR n 3 
(aE-- bn +08) (Ур) - pe - IR. ene AE 


15 2DJR 2D4R 2DbRwWR' 
which is not equal to zero, or the second equation is not satisfied. 


I consider again V, Ё' as denoting the definite integrals, and I eliminate m. zi 


by means of the equations 


йу | dV. =. dV”, ФУ. 
гд + т-у тп In tE ag =O 


TA E bar 
F t" da^ da +” a =° 


The first equation thus becomes 


dV. dV, dV dr - df ^3 
г stus i gt" 7, t@q-)t+V-F 


dl dm 
(edad adr) A 


and the second equation becomes 


dV an: “ay dF dF dF 
(а? + 02 + с?) = HU tm +n т) — — (а +0 + с) iu tnt) 


adV 4 V сар ааг b ағ сағ 
Mast mda a) Bias m 


and it wil be remembered that in these equations 


di gay dV 

da db de ` 

The first equation (it is easy to perceive) shows merely that V is made up of terms 

separately homogeneous in q, b, c, and in l, m, n, and such that the degrees in the 

two sets respectively being к, A, then X —4(x«—2) In fact V being a function of 

the form in question, if we attend only to the term the degrees of which are к, ‘A, 
8—2 


dF dF dF 
(a+ Smt 2x)? 


F=-a 
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then, by the properties of homogeneous functions, F— — V, and the first equation is 
satisfied if only 


X + 2Xk --l-b ed к к = 0, 


ie. if А (2x - 1) 2 – $к—-1=}(к— 2) (26+ 1) or X—41(«—2). Or, what is the same thing, 
we may say that the first equation shows that V is made up of terms the degrees 
of which in a, b, c and in J, m, n are —2i—1, and —i-— $ respectively. Attending 


А А i 1 m 1 % ji 
henceforth only to the second equation, I write PG e. КГ, E | so 
that «+6, 8+ 0, y-- 0 denote the squared semiaxes of the ellipsoid. We have 

d (&+60)р d 
aes eda 9M 


and the equation becomes 


-@+е+)( ec T+ (8+0) T+ 0+0) 47) 
+ (а + 0 + с) { (a+ 0) а А (8 4- 0) dg tOO) 2.) 


++(а@+6) 92 +2(8+0) ir eer t 9) 


+ (ae 9 +0840) Е +о(у+0) P) 
T 


(a+ Or T+ (8+ бао + (y+ Or) <0 


Put for shortness Ө = (а + 0) (8 + 0) (у + 0), and write 
V=v0/0, F-f 48, 


(МӨ is to a constant factor prés the mass of the ellipsoid) then v, f are connected 
by the equation 


and observing that 


(a6) 49. (8+0) "Mg toro 0 зета}, 


ive aye 


(a a+ op 1 V + (840) + (y 4-7 


M perc Ne t 
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the equation becomes 


—(@+B+0)( (6) + (8+0) T5 (0+0) 9) 


+(@ +0 e) ( («+ 0) m (8 + 0) + +8) Z) 
—$ (à c0 c) 0+ $ (02 + 0 с) 


++(а(а+®) +00840) 2 + 0(y +6) 22) 
+ (аа+0) ¥ LA d rore 6 L) 


+ ( (а +034 + (8+0) 5 p 0+7) 


+5 (a+ 8 +у + 30) — 0. 
Now v (= “Ө ) may be expanded in the form 
v= Us + U, + Un.. + U;..., 


where U; is of the degree 2¢ in the semiaxes „(a+ 0) /(8--0), /(у-+ 0), and of the 
degree — 2i —1 in the coordinates а, b, c. And it is easy to see that the first term 


of the expansion is 
4er 1 


UT g abe 


The preceding value of v gives 
f= Uc 3U, 5U,... - (22 - 1) U;  ..., 


and substituting the values of v, f in the differential equation, and attending only to 
the terms which are of the same dimensions as (а? + 0 + с?) U;,,, we have 


{-G+1) + +1) 0+3) 81013) (a+b + 0з) Uses 


+ {ox 4 dU; р = og 


-e (Se 2 7) ei +1) 


+e © a 
+4(a+ 8 +y +30)(2i+1)U:=0; 
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or, reducing, 
(2+ 1) (26 + 5) (а + 0° + с?) Uin 


ч 4) 


+@+ф (aa G оү 


, aU; 


+ (21+ 1) (a Batt a о (a+ +9) U) 


-Qien( e ЧӨ +)” 0. 


Now U; is a function of a-- 0, 8+0, y-- 0; if, therefore, for any particular value 
of т, U; is independent of 0, it is clear that U; must be a function of the differences 


of these quantities, and we shall have s E RE T- 


and this being so, the 


‘equation of differences, and consequently P will i independent of 0. But U, is 
independent of 0, hence U,, U,, &c. are all of them independent of б, or v is inde- 
pendent of 0; ie. for ellipsoids having the same foci for their principal sections, and 
acting on the same external point, the potentials, and therefore the attractions, are 
proportional to the masses, which is Maclaurin's theorem for the attractions of ellipsoids 
upon an external point. 


The foregoing equation, omitting the term which vanishes, gives 


dU; dU; 
Oe (ae iy et "а 


- Gi 1) (e $^ M к, Pel By) U; 
d (% + Dice Pm | 


It may be remarked that this equation, with the assistance of the equation 


dU, ‚ай y dU 
da dp dy 


--Qi«p (a +091090) 


= (2641) (200 II r y) +40) = (Gi--8) Qi D - Qi 1) 0) T= 


gives 
d Uia ү d айы 44 Os 
(6 +1) (+5) (© паба 2 


which is as it should be. 


Write 
"= (атр ET) LE 
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where U; is of the tig i in a, B, y, and of the degree 27 in a, b, c. We have 


dU; dU, | 
an 7 +08 © ab U оу de 


ee) (aa 09068994 oy S) 


— (di + 1) (a? +b? + 0?) 2-4 (а?а + 028 + cvy) Qi, 


e OU +e os ey eb Gc B U, 


= (a? + b + ei (oS + + Y) e$ (a+ Ben) Qi. 


Hence, putting in like manner 


+1) (22+ 5) Qa = — (27+ $) е TUO) CP» 10 + 08 = Dm oy Z) 


— (44 + 1) (а?а + bB + су) Qj 


— (2i 4- (ar Bc) (e e e I + у + а+а+у) Q). 


(2+1) (21+ 5) Qi =- (a? +b 0) fei + §) (aT T9 ав E: еу P3 


4 (204-1) (е Ses ve 4i (28-9) о) + (2i +4) (4i + 1) (wat 80у) О, 


from which the functions Q; may be calculated successively. 
We may, it is clear, write 


4r T 
Uu: 31.3.8..15.7.. 2: 4 8 A 


and we shall then have 


(++ o) Кы + (4i +3) (aa T +58 G+ oy UE 
+ (46 + 2) (e 7 OKs | I = tr ae) 


T (26 +1) (a+ B - y) K;— 0, 
where 
1 


MN ъи): 
I proceed to show that 


d: diy 1 
der (35835125) (at b o) 
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In fact, assuming this equation for any particular value of 1, we find first 


(e+e да+ т) Keni (вно) (@ itl + дө) Дт Б?) 


М d? d 5 а? а? d? аз \—1 1 
= (а a ty às) (2 a ist Pap Yaa) (а + 0) 
oO Ф а? 
=i(@ iat? ду К дә) Ko 
Now putting for shortness 
d? d? d? 
acad Bapt uo: 
‚же find, replacing AK;,, and AK; by their values К and Kj, 
A( @+8 +¢ )Kin= (Ф +86 +c ) Ка, 


d d d 
+4 (аа + 8 5 + oy 5.) Ka 


+2( а +В vy ) Kis 


A (aa +8 5 + 05.) Ki= (aa аа # + dB 5 + oy 5) Kia 
+(e + t Де) Къ 
A (ez + te д.) К: = CIL ILE Т) К 
- (dst P aptas) P 
Ala + 8 + y )Ki- (a +8 +y ) Kin; 


hence operating on the equation of differences with the symbol A, we obtain 
(a+b 4- e) К; ae В «i 
2+2 аа аЬ ш = +1 
: а? о os 
+ (2043) - (4d +2) ez eB v 5) Hs 
+(@+3) (a +8 +y )Kin=0, 
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the third line of which is 
d? d? а? а 
& (Ce (e T, P qs ы) Ko = ^ (83 бё ust Tu z)K i41: 
by a foregoing equation, and the assumed equation of difference thus leads to 


2 2 d 
(а? + +0) Kos i T) (ат - +68 5 + oy 2) Kin 


: ,d d d 
+(@+6)( a ев р) Kin 


+(%2 +3) (а +8 +y )Kin=0, 


which is the assumed equation, writing i+ 1 instead of $. The equation, if true for 1, 
is therefore true for 1+1, and it is easily seen to be true for i=0; hence it is true 
generally, or the value 


ee dise ja 
Ki- (a а +В + aa) (++ г) 


satisfies the equation obtained by Laplace's method, and gives, moreover, the proper 
value for К. We have thus the value of K;; and remembering that 


V — V(a4- 0) (8 + 0) (y + 0) v, 
and observing that the symbol A may be replaced by 


e d 9) & K 
A=(a+0) TS + (8 + Om Q0 ==, 
the value of V is | 
4r 1 1 1 Я 
V= 5 М9+60) (8+0) (y+ 8) 5 Coe wees meer A ae ree 


which is in fact the value which I have found by a much more simple method in 
the Cambridge Mathematical Journal, t. ш. p. 69 [2]. 


C. III. 9 
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